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Analytical evaluation of multicenter multielectron
integrals of central and noncentral interaction potentials
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E-mail: iguseinov@cheerful.com

Received 16 December 2003; revised 12 March 2004

Using expansion formulas for central and noncentral interaction potentials (CIPs
and NCIPs, respectively) in terms of Slater type orbitals (STOs) obtained by the author
(I.I. Guseinov, J. Mol. Model., in press), the multicenter multielectron integrals of arbi-
trary interaction potentials (AIPs) are expressed through the products of overlap inte-
grals with the same screening parameters and new auxiliary functions. For auxiliary
functions, the analytic and recurrence relations are derived. The relationships obtained
for multicenter multielectron integrals of AIDs are valid for the arbitrary quantum
numbers, screening parameters and location of orbitals.
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1. Introduction

It is well known that the multicenter multielectron integrals are of funda-
mental importance in the study of multielectron properties for atoms and mol-
ecules when the Hylleraas approach in Hartree–Fock theory is employed [1].
However, the difficulties in calculation of these integrals have restricted the appli-
cation of Hylleraas approximation in quantum chemistry. In the literature there
is renewed interest in developing efficient methods for the calculation of multi-
center multielectron integrals over Slater type orbitals (STOs) (see, e.g., [2–5] and
references quoted therein). Older work are reviewed in [6,7]. It should be noted
that the preexisting formulas for the evaluation of multicenter multielectron inte-
grals of interaction potentials do not generally apply to arbitrary Central and
noncentral interaction potentials (CIPs and NCIPs respectively).
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In [8], by the use of complete orthonormal sets of �α-ETOs [9] we pre-
sented a particular method for obtaining the addition theorems for STOs and
Arbitary interaction potentials (AIPs) which has been utilized for the evaluation
of multicenter multielectron integrals of CIPs and NCIPs in terms of two-cen-
ter overlap integrals with the same screening parameters. The aim of this work
is to establish the series expansion formulas for multicenter multielectron inte-
grals through the overlap integrals and auxiliary functions using the expansion
formulas for AIPs derived in [8].

2. Expressions in terms of two-center overlap integrals and auxiliary functions

The multicenter multielectron integrals of t-electron operator over normal-
ized STOs arising in calculations on atoms and molecules with N -electrons
(2 � t � N) in molecular coordinate system are defined by [8]

I
ac,bd,gh,... ,ef

p1p
′
1,p2p

′
2,p3p

′
3,... ,ptp

′
t ;τ =

∫
χ∗

p1
(ζ1, �ra1)χp′

1
(ζ ′

1, �rc1)χp2(ζ2, �rb2)χ
∗
p′

2
(ζ ′

2, �rd2)

×χp3(ζ3, �rg3)χ
∗
p′

3
(ζ ′

3, �rh3) · · · χpt
(ζt , �ret )

×χ∗
p′

t
(ζ ′

t , �rf t )Oτ (η, �r123···t )dv1dv2dv3 · · · dvt , (1)

where pi ≡ nilimi, p
′
i ≡ n′

i l
′
im

′
i , τ ≡ uυs and

Oτ(η, �r12···t ) = fτ (η, �r21)fτ (η, �r31)fτ (η, �r41) · · ·
×fτ (η, �rt−11)fτ (η, �rt1)fτ (η, �r32)fτ (η, �r42)

× · · · fτ (η, �rt−12)fτ (η, �rt2) · · · fτ (η, �rt−1t−2)

×fτ (η, �rtt−2)fτ (η, �rtt−1), (2)

χnlm (ζ, �r) = Rn(ζ, r)Slm(θ, ϕ), (3)

Rn(ζ, r) = (2ζ )n+1/2 [(2n)!]−1/2 rn−1e−ζ r . (4)

In order to evaluate the integral (1) we utilize the following expansion formulas:
for one-center expansion of AIPs in terms of STOs

fuυs(η, �r) = fu(η, r)

(
4π

2ν + 1

)
Slm(θ, φ) (5)

= (4π)1/2 lim
k→∞

K∑
k=υ+1

BαK
uυ,kυ(η, η′)χkυs(η

′, �r) (6)
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for expansion of AIPs through the product of STOs (addition theorems)

fuυs (η, �r21) = fu (η, r21)

(
4π

2υ + 1

)1/2

Sυs (θ21, ϕ21) (7)

= 4π

η′3/2
lim

K→∞
N→∞

K∑
k=υ+1

N∑
µ=1

µ−1∑
ν=0

ν∑
σ=−ν

N+k−α+1∑
µ′=1

µ′−1∑
ν ′=0

ν ′∑
σ ′=−ν ′

Y
αKN,µ′ν ′σ ′
kuυs,µνσ

×(η, η′)χµνσ

(
η′, �ra1

)
χ∗

µ′ν ′σ ′
(
η′, �ra2

)
(8)

for expansion of electron charge densities in terms of STOs

χp(ζ, �rg)χ
∗
p′(ζ

′, �rh) = 1√
4π

lim
N→∞

N∑
µ=1

µ−1∑
ν=0

ν∑
σ=−ν

WαN
pp′q(ζ, ζ ′, z; �Rhg, �Rga)χq(z, �ra),

(9)

where α = 1, 0, −1, −2, . . . , p ≡ nlm, p′ ≡ n′l′m′, τ ≡ µνσ, z = ζ + ζ ′ and

BαK
uυ,kυ(η, η′) =

(
1

2υ + 1

)1/2




√
(2u)!

(2η)u+1/2 δkuδη′η for u � 0, (10)

K∑
µ=υ+1

�αυ
kµ(K)P α

uµ(η, η′) for u < 0, (11)

P α
uµ(η, η′) =

∫ ∞

0
fu(η, r)Rµ−α(η

′, r)r2dr, (12)

Y
αKN,µ′ν ′σ ′
kuυs,µνσ (η, η′) = (−1)ν

′
Z

αN,µ′ν ′σ ′
kυs,µνσ BαK

uυ,kυ(η, η′), (13)

Z
αN,µ′νσ ′
kυs,µνσ =

N∑
µ′=ν+1

�αν
µµ′(N)g

α µ′ν ′σ ′
kυs,µ′−ανσ . (14)

See [10] and [11] the exact definition of the coefficients WαN , �αν and
gαµ′ν ′σ ′

, respectively. Here, the quantities ZαN are the expansion coefficients of
addition theorems for STOs established in [8]. It should be noted that the values
of integral (12) are determined by the arbitrary radial pats of interaction poten-
tials and STOs.

Now we can move on to the evaluation of multicenter integrals (equation
(1)). For this purpose, we use the expansion theorems (6) and (8) for AIPs which
were derived with help of complete orthonormal sets of �α-ETOs introduced in
[9]. Then we obtain:
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I
ac,bd,gh... ,ef

p1p
′
1,p2p

′
2,p3p

′
3,... ,ptp

′
t ;τ = 1

(η′√η′)t (t−1)−1
lim

K→∞
N→∞

K∑
k

N∑
qq ′

(Y
αK31N31q

′
31

k31τq31
(η, η′)Y αK41N41q

′
41

k41τq41

×(η, η′) · · · YαKt−11Nt−11q
′
t−11

kt−11τqt−11
(η, η′)Y αKt1Nt1q

′
t1

kt1τqt1
(η, η′))

×(Y
αK32N32q

′
32

k32τq32
(η, η′)Y αK42N42q

′
42

k42τq42
(η, η′) · · ·

×Y
αKt2Nt2q

′
t2

kt2τqt2
(η, η′))(Y αK43N43q

′
43

k43τq43
(η, η′) · · · YαKt3Nt3q

′
t3

kt3τqt3
(η, η′)) · · ·

×(Y
αKtt−1Ntt−1q

′
t t−1

ktt−1τqtt−1
(η, η′))J aaa...aac,aaa...abd

p1q31q41...qt−11qt1p
′
1,τ,q32q42q52...qt2p2p

′
2

×S
aaa...agh

q ′
31q

′
32q43...qt3p3p

′
3
. . . S

aaa...aef

q ′
t1q

′
t2q

′
t3...q

′
t t−1ptp

′
t
, (15)

where

K ≡ [(K31K41 . . . Kt1), (K32K42 . . . Kt2), . . . , (Kt−1t−2Ktt−2), (Ktt−1)],

k ≡ [(k31k41 . . . kt1), (k32k42 . . . kt2), . . . , (kt−1t−2ktt−2), (ktt−1)],

N ≡ [(N31N41 . . . Nt1), (N32N42 . . . Nt2), . . . , (Nt−1t−2Ntt−2), (Ntt−1)],

q ≡ [(q31q41 . . . qt1), (q32q42 . . . qt2), . . . , (qt−1t−2qtt−2), (qtt−1)],

q ′ ≡ [(q ′
31q

′
41 . . . q ′

t1), (q
′
32q

′
42 . . . q ′

t2), . . . , (q ′
t−1t−2q

′
t t−2), (q

′
t t−1)],

υ + 1 � kij � Kij , qij ≡ µijνijσij , 1 � µij � Nij , 0 � νijµij − 1, −νij � σij � νij ,

q ′
ij ≡ µ′

ij ν
′
ij σ

′
ij , 1 � µ′

ij � Nij + kij − α + 1, 0 � ν ′
ij � µ′

ij − 1, −ν ′
ij � σ ′

ij � ν ′
ij ,

g
αµ′

ij ν
′
ij σ

′
ij

τkij υs,µij νij σij
≡ 0 for µ′

ij > µij + kij + 1 and the quantities J and S are defined
by

J
aaa...aac,aaa...abd

p1q31q41...qt−11qt1p
′
1,τ,q32q42q52...qt2p2p

′
2
= (

√
4π)2t−4

∫ ∫
χ∗

p1
(ζ1, �ra1)χq31(η

′, �ra1)

×χq41(η
′, �ra1) · · · χqt−11(η

′, �ra1)χqt1(η
′, �ra1)

×χp′
1
(ζ ′

1, �rc1)fτ (η
′, �r12)χq32(η

′, �ra2)χq42(η
′, �ra2)

×χq52(η
′, �ra2) · · · χqt2(η

′, �ra2)χp2(ζ2, �rb2)

×χ∗
p′

2
(ζ ′

2, �rd2)dv1dv2 (16)
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S
aaa...agh

q ′
31q

′
32q43...qt3p3p

′
3
= (

√
4π)t−1

∫
χ∗

q ′
31
(η′, �ra3)χ

∗
q ′

32
(η′, �ra3)χq43(η

′, �ra3) · · ·

×χqt3(η
′, �ra3)χp3(ζ3, �rg3)χ

∗
p′

3
(ζ ′

3, �rh3) dv3 (17.3)

...

S
aaa...aef

q ′
t1q

′
t2qt3...q

′
t t−1ptp

′
t
= (

√
4π)t−1

∫
χ∗

q ′
t1
(η′, �rat )χ

∗
q ′

t2
(η′, �rat )χq ′

t3
(η′, �rat ) · · · χ∗

q ′
t t−1

×(η′, �rat )χpt
(ζt , �ret )χ

∗
p′

t
(ζ ′

t , �rf t )dvt (17.t)

The analytical relationships for one-electron integrals (equations (17.3)–
(17.t)) in terms of two-center overlap integrals with the same screening param-
eters have been obtained in [8]. With the evaluation of two-electron integrals
(equation (16)) we use the charge density expansion formula (9) and equations
(27) and (28) of [8]. Then, the integrals (16) can be expressed through the fol-
lowing basic two-electron one-center integrals of AIPs:

Qq ′
qτ (zηz′) = 1

4π

∫ ∫
χ∗

q (z, �ra1)fτ (η, �r21)χq ′(z
′, �ra2)dV1dV2, (18)

where q ≡ µνσ, q ′ ≡ µ′ν ′σ ′ and τ ≡ uυs.

For the derivation of expression for the integral (18) we take into account
equation (6) for the one-center expression of AIPs in terms of STOs. Then we
obtain:

Qq ′
qτ (zηz) = lim

K→∞

K∑
k=υ+1

BαK
uυ,kυ(η, η′)Sµ′ν ′σ ′

µνσ,kυs(z, η
′, z′), (19)

where η′ = η for u � 0 and η′ = z for u < 0 and

S
µ′ν ′σ ′
µνσ,kυs(z, η

′, z′) = 1√
4π

∫
Sµνσ,kυs(z, η

′; �ra2)χµ′ν ′σ ′(z′, �ra2) dV2. (20)

Here, the quantity Sµνσ,kυs is the overlap integral defined by

Sµνσ,kυs(z, η
′; �ra2) =

∫
χ∗

µνσ (z, �ra1)χkυs(η
′, �r21)dV1 (21)

In order to evaluate the integral (20) we utilize equations (5) and (17) of
[12] for the rotation of two-center overlap integrals:

S
µ′ν ′σ ′
µνσ,kυs(z, η

′, z′) =
min(ν,υ)∑

λ=0

T λ,ν ′σ ′
νσ,υs R

µ′
µνλ,kυλ(z, η

′, z′) (22)
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where

T λ,ν ′σ ′
νσ,υs = 1√

4π

∮
T λ∗

νσ,υs(θ, ϕ)Sν ′σ ′(θ, ϕ) d�

= 2
(1 + δλ0)(2ν ′ + 1)1/2

Cνυν ′
λ,−λ,0

×




Cνυν ′
σ,−s,σ−sδσ ′,σ−s for complex SH (23a)

[(1 + δσ0)(1 + δs0)]
−1/2

1∑
i=−1

(2)(δσ0)
δi,εσs

×Cνυν ′
iγ,æ,iγ+æ[(1 + δσ ′0)/2]1/2δσ ′

i σ
′ for real SH (23b)

and

R
µ′
µνλ,kυλ(z, η

′, z′) =
∞∫

0

Sµνλ,kυλ(z, η
′; r)Rµ′(z′, r)r2 dr

= 2µ′+2

(z + η′)3/2

(1 + t)µ+1/2(1 − t)k+1/2(b − 1)µ
′+1/2

[(2µ)!(2k)!(2µ′)!]1/2

×
ν∑

α=−λ

υ∑
β=λ

α+β∑
q=0

g
q

αβ(νλ, υλ)

×
µ−α+k−β∑

m=0

Fm(µ − α, k − β)(µ − α + k − β + q − m)!

×
µ−α+k−β+q−m∑

j=0

1
j !

B
j+α+β−q+m+µ′+1
q+j (t, b). (24)

Here γ = |σ |, æ = |s|, σ ′
i = εσs |iγ + æ|. The symbol

∑
(2) indicates that the

summation is to be performed in steps of two. For γ = æ and εσs = −1 terms
with a negative value of index i(i = −1) contained in (23b) should be equated
to zero. The relationships for Clebsh-Gordan coefficients through the binomial
coefficients are given in [13]. The quantities Bn

k (t, b) are the auxiliary functions
defined by

Bn
k (t, b) =

∞∫
0

Bk(tx)xne−bx dx, (25)
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where t = z−η′
z+η′ , b = 1 + 2z′

z+η′ and

Bk(tx) =
1∫

−1

νke−txν dν, (26)

For t = 0 (η′ = z and b = 1 + z′/z) we should use the relation:

Bn
k (0, b) = 1 + (−1)k

k + 1
n!

bn+1
. (27)

The auxiliary functions Bn
k (t, b) have the following symmetry property:

Bn
k (−t, b) = (−1)kBn

k (t, b). (28)

As can be seen from the formulas obtained in this study, the multicenter
multielectron integrals of AIPs are expressed through the auxiliary functions Bn

k .

3. Expressions for auxiliary functions

In order to derive the analytical and recurrence relations for auxiliary func-
tions Bn

k we use equation (25) for t �= 0 in the form:

Bn
k (t, b) = 1

tn+1
Bn

k (p), (29)

where p = b/t and

Bn
k (p) = Bn

k (1, p) =
∞∫

0

Bk(x)xne−px dx. (30)

By the use of well known analytical and recurrence relations for the auxil-
iary functions Bk(x) (see [14,15]) it is easy to establish for Bn

k (p) the following
expressions: analytical relations

Bn
k (p) =




k∑
m=0

k!(n−k+m−1)!
m!

[
(−1)m

(p−1)n−k+m − 1
(p+1)n−k+m

]
for n > k, (31a)

n!Fn(k)(−p)k−n ln p + 1
p−1

+
k∑

m=0
m�=n

Fm(k)
m−n

(−p)k−m[(p + 1)m−n − (p − 1)m−n]


 for n � k, (31b)

recurrence relations
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Bn+1
k+1 (p) = (k + 1)Bn

k (p) + n!
[

(−1)k+1

(p − 1)n+1
− 1

(p + 1)n+1

]
, (32)

B0
k+1(p) = −pB0

k (p) + 1 + (−1)k

k + 1
. (33)

Using these recurrence relations, the auxiliary functions Bn
k (p) can be calculated

from the functions Bn
0 (p) determined by

Bn
0 (p) =




ln p+1
p−1 , for n = 0, (34a)

(n − 1)!
[

1
(p−1)n

− 1
(p+1)n

]
for n > 0. (34b)

The auxiliary functions Bn
k (t, b) can also be calculated from the following series

expansion:

Bn
k (t, b) = n!

bn+1

∞∑
m=0

1 + (−1)k+m

k + m + 1
Fm(n + m)(−t/b)m, (35)

where
∣∣ t
b

∣∣ = |z−η′|
z+η′+2z′ < 1. For the derivation of equation (35) we have taken into

account the relation

e−x =
∞∑

k=0

(−x)k

k!
, (36)

As can be seen from the formulas of this work obtained by the use
of complete orthonormal sets of �1, �0, �−1, �−2, · · · , ETOs, the evaluation
of two-electron multicenter multielectron integrals of central and noncentral
interaction potentials is reduced to the calculation of two-center overlap inte-
grals and auxiliary functions. These formulas are correct for arbitrary values of
screening parameter (η � 0). Thus, with the aid of the different relationships that
have been obtained in this study for α = 1, 0, −1, −2, · · · , one can calculate
the multielectron multicenter integrals of screened and nonscreened interaction
potentials over STOs.
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